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NON-CONTRACTIBLE PERIODIC ORBITS IN HAMILTONIAN
DYNAMICS ON TORI
RYUMA ORITA
Abstract. We show that the presence of one non-degenerate, non-contractible
periodic orbit of a Hamiltonian on the standard symplectic torus implies the
existence of infinitely many simple non-contractible periodic orbits.
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1. Introduction
We consider the torus T2n = (R/Z)2n with the standard symplectic form ωstd.
Let H be a Hamiltonian on T2n and denote by P1(H ;α) the collection of its one-
periodic orbits with homotopy class α. Our main result is the following theorem.
Theorem 1.1. Let H : S1 × T2n → R be a (time-dependent) Hamiltonian having
a non-degenerate one-periodic orbit x with non-trivial homotopy class α such that
P1(H ;α) is finite. Then for every sufficiently large prime p, the Hamiltonian H
has a simple periodic orbit in the homotopy class αp and with period either p or p′,
where p′ is the first prime greater than p.
In [Gu¨, Theorem 1.1], B. Gu¨rel proved that a similar statement holds for closed
symplectic manifolds equipped with atoroidal symplectic forms (see also [GG16,
Theorem 2.4] for a refined vesion of the theorem). After that, in [GG16, Theorem
2.2], V. Ginzburg and B. Gu¨rel proved the same result for closed toroidally mono-
tone symplectic manifolds under a minor assumption on the “Euler characteristic.”
We note that the standard symplectic form ωstd on T
2n is not atoroidal. More-
over, (T2n, ωstd) is not even toroidally monotone. As pointed out by V. Ginzburg
and B. Gu¨rel in [GG16], the 2-torus T2 was the only known example among T2n
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(2n ≥ 2) that the presence of a non-contractible orbit yields the existence of infin-
itely many non-contractible orbits.
It is worth pointing out here that Theorem 1.1 can be generalized as Theorem
3.1 in Section 3. Further examples of symplectic manifolds to which Theorem 3.1
applies can be found in Example 3.2 (see also Remark 3.4).
2. Preliminaries
In this section, we set conventions and notation and define the filtered Floer–
Novikov homology for non-contractible orbits.
2.1. Conventions and notation. Let (M,ω) be a connected closed symplectic
manifold. Let LM = C∞(S1,M) be the space of free loops in M where S1 = R/Z.
For a free homotopy class α ∈ [S1,M ], denote by LαM the component of LM with
loops representing α.
Since a class in H1(LM ;Z) can be regarded as a linear combination of maps
S1 × S1 →M , a cohomology class w ∈ H2(M ;R) defines a cohomology class
w ∈ H1(LM ;R) = Hom(H1(LM ;Z), R)
by integrating a 2-form representing w over the maps, where R = R or Z. Hence
the symplectic form ω ∈ Ω2(M) and the first Chern class c1 ∈ H
2(M ;Z) of (M,ω)
define cohomology classes
[ω] ∈ H1(LM ;R) = Hom(H1(LM ;Z),R)
and
c1 ∈ H
1(LM ;Z) = Hom(H1(LM ;Z),Z),
respectively.
A cohomology class w ∈ H2(M ;R) is called aspherical if w vanishes over π2(M).
Similarly, a cohomology class w ∈ H2(M ;R) is called atoroidal if the cohomology
class w vanishes over π1(LM). We call a closed 2-form η ∈ Ω
2(M) atoroidal if its
cohomology class [η] is atoroidal. We note that every atoroidal cohomology class is
aspherical.
In addition, a symplectic manifold (M,ω) is called toroidally monotone (resp.
toroidally negative monotone) if we have
〈[ω], π1(LM)〉 = λ〈c1, π1(LM)〉
for some non-negative (resp. negative) number λ ∈ R. A symplectic form ω is
called α-toroidally rational if the set 〈[ω], π1(LαM)〉 is discrete in R. Namely, if ω
is α-toroidally rational, then there exists a number hα ∈ R such that
〈[ω], π1(LαM)〉 = hαZ.
We note that every atoroidal symplectic form is α-toroidally rational with hα = 0
for any α ∈ [S1,M ]. Moreover, every toroidally monotone symplectic manifold has
the α-toroidally rational symplectic form with hα = λc
min
1,α for any α ∈ [S
1,M ],
where cmin1,α ∈ N is the α-minimal first Chern number given by
〈c1, π1(LαM)〉 = c
min
1,α Z.
In the present paper, we always assume that all Hamiltonians H are one-periodic
in time, i.e., H : S1 ×M → R, and we set Ht = H(t, ·) for t ∈ S
1 = R/Z. The
Hamiltonian vector field XH ∈ X(M) associated to H is defined by
ιXHω = −dH.
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The Hamiltonian isotopy {ϕtH}t∈[0,1] associated to H is defined by{
ϕ0H = id,
d
dt
ϕtH = XHt ◦ ϕ
t
H for all t ∈ [0, 1],
and its time-one map ϕH = ϕ
1
H is called the Hamiltonian diffeomorphism generated
by H . Let Pk(H ;α) be the set of k-periodic (i.e., defined on R/kZ) orbits of H
representing α. A one-periodic orbit x ∈ P1(H ;α) is called non-degenerate if it
satisfies det
(
dϕH(x(0))− id
)
6= 0.
LetK andH be two one-periodic Hamiltonians. The compositionK♮H is defined
by
(K♮H)t = Kt +Ht ◦ (ϕ
t
K)
−1.
Then the flow of K♮H is given by ϕtK ◦ ϕ
t
H . For k ∈ N, we set H
♮k = H♮ · · · ♮H
(k times). By reparametrizing H , we can always assume that H♮k is one-periodic.
We denote by xk the kth iteration of a one-periodic orbit x of H , i.e., xk(t) =
ϕt
H♮k
(
x(0)
)
.
2.2. Floer–Novikov homology. In this subsection, we define the Floer–Novikov
homology for non-contractible periodic orbits (see, e.g., [BPS, BH] for details).
2.2.1. Action functional. Let (M,ω) be a connected closed symplectic manifold.
Let H : S1 ×M → R be a time-dependent Hamiltonian. For a free homotopy class
α ∈ [S1,M ], we fix a reference loop z ∈ α. We consider the set of pairs (x,Π),
where x ∈ LαM and Π: [0, 1]× S
1 → M is a path in LαM between z and x. We
set an equivalence relation ∼ by (x,Π) ∼ (x′,Π′) if and only if x = x′ and
〈[ω],Π#(−Π′)〉 = 0 and 〈c1,Π#(−Π
′)〉 = 0,
where Π#(−Π′) is a toroidal 2-cycle obtained by gluing Π and Π′ with orientation
reversed along the boundaries. Then the space LαM of such equivalence classes
[x,Π] is the covering space with structure group
Γα =
π1(LαM)
Ker [ω] ∩Ker c1
.
Denote by π : LαM → LαM the covering projection.
We define the action functional AH : LαM → R by
AH([x,Π]) = −
∫
[0,1]×S1
Π∗ω +
∫ 1
0
Ht
(
x(t)
)
dt.
Since π∗[ω] = 0 ∈ H1(LαM ;R), the action functional AH is well-defined as a real-
valued function. Note that the critical point set Crit(AH) is equal to P1(H ;α) =
π−1
(
P1(H ;α)
)
. The action functional AH is homogeneous with respect to itera-
tions in the sense that
AH♮k([x,Π]
k) = kAH([x,Π]),
where [x,Π]k = [xk,Πk] is the kth iteration of [x,Π], and satisfies
AH([x,Π]#A) = AH([x,Π]) − 〈[ω], A〉,
for all A ∈ π1(LαM, z). We define the action spectrum of AH by
Spec(H ;α) = AH
(
P1(H ;α)
)
.
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2.2.2. The filtered Floer–Novikov chain complex. Let a and b be real numbers
such that −∞ ≤ a < b ≤ ∞. We suppose that the Hamiltonian H satisfies
a, b 6∈ Spec(H ;α) and regular, i.e., all one-periodic orbits x ∈ P1(H ;α) are non-
degenerate.
Let J ∈ J (M,ω) be a smooth family of ω-compatible almost complex structures.
Consider the Floer differential equation
(1) ∂su+ J(u)
(
∂tu−XHt(u)
)
= 0.
For a smooth solution u : R× S1 →M to (1), we define the energy by the formula
E(u) =
∫ 1
0
∫ ∞
−∞
|∂su|
2 dsdt.
Then we have the following:
Lemma 2.1 ([Sa]). Let u : R × S1 → M be a smooth solution to (1) with finite
energy.
(i) There exist x¯± ∈ P1(H ;α) such that
lim
s→±∞
u(s, t) = x±(t) and lim
s→±∞
∂su(s, t) = 0,
where x¯+ = [x+,Π+] and x¯− = [x−,Π−], and both limits are uniform in
the t-variable. Moreover, we have
Π−#u = Π+.
(ii) The energy identity holds:
E(u) = AH(x¯
−)−AH(x¯
+).
We call a family of almost complex structures regular if the linearized operator
for (1) is surjective for any finite-energy solution of (1) in the homotopy class α.
We denote by Jreg(H ;α) the space of regular families of almost complex structures.
This subspace is generic in J (M,ω) (see [FHS]). For any J ∈ Jreg(H ;α) and any
pair x¯± ∈ P1(H ;α), the space
M(x¯−, x¯+;H, J) = { solution of (1) satisfying (i) }
is a smooth manifold whose dimension near such a solution u is given by the
difference of the Conley–Zehnder indices (see [SZ]) of x¯− and x¯+ relative to u.
We denote by M1(x¯−, x¯+;H, J) the subspace of solutions of relative index one.
For J ∈ Jreg(H ;α), the quotient M
1(x¯−, x¯+;H, J)/R is a finite set for any pair
x¯± ∈ P1(H ;α).
We set P
a
1 = { x¯ ∈ P1(H ;α) | AH(x¯) < a }. We define the chain group of our
Floer–Novikov chain complex to be
CFN[a,b)(H ;α) = CFNb(H ;α)/CFNa(H ;α),
where
CFNa(H ;α) =
{
ξ =
∑
ξx¯x¯
∣∣∣∣∣ x¯ ∈ P
a
1 , ξx¯ ∈ Z/2Z such that ∀C ∈ R,
#{ x¯ | ξx¯ 6= 0, AH(x¯) > C } <∞
}
.
We define the boundary operator ∂H,J : CFNb(H ;α)→ CFNb(H ;α) by
∂H,J(x¯) =
∑
#
(
M1(x¯, y¯;H, J)/R
)
y¯
for a generator x¯ ∈ P
b
1.
Theorem 2.2 ([Fl]). If J is regular, then the operator ∂H,J is well-defined and
satisfies ∂H,J ◦ ∂H,J = 0.
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The energy identity (ii) implies that CFNa(H ;α) is invariant under the boundary
operator ∂H,J . Thus we get an induced operator [∂H,J ] on the quotient CFN[a,b)(H ;α).
Definition 2.3. The filtered Floer–Novikov homology group is defined to be
HFN[a,b)(H, J ;α) = Ker [∂H,J ]/ Im [∂H,J ].
Theorem 2.4 ([Fl, Sa, SZ]). If J0, J1 ∈ J (H ;α) are two regular almost complex
structures, then there exists a natural isomorphism
HFN[a,b)(H, J0;α)→ HFN
[a,b)(H, J1;α).
We refer to HFN[a,b)(H ;α) = HFN[a,b)(H, J ;α) as the Floer–Novikov homology
associated to H .
2.2.3. Continuation. We define the set
Ha,b(M ;α) = {H : S1 ×M → R | a, b 6∈ Spec(H ;α) }.
Proposition 2.5 ([BPS, Remark 4.4.1]). Every Hamiltonian H ∈ Ha,b(M ;α) has
a neighborhood U such that the Floer–Novikov homology groups HFN[a,b)(H ′, J ′;α),
for any regular H ′ ∈ U and any regular almost complex structure J ′ ∈ Jreg(H
′;α),
are naturally isomorphic.
Proposition 2.5 enables us to define the Floer–Novikov homology HFN[a,b)(H ;α)
whether H is regular or not.
Definition 2.6. For H ∈ Ha,b(M ;α), we define HFN[a,b)(H ;α) = HFN[a,b)(H˜ ;α),
where H˜ is any regular Hamiltonian sufficiently close to H .
Let H+, H− : S1 ×M → R be two Hamiltonians. We choose regular almost
complex structures J± ∈ Jreg(H
±;α). We consider a linear homotopy {Hs}s∈R
from H− to H+, i.e., a smooth homotopy of the form
(Hs)t = H
−
t + β(s)(H
+
t −H
−
t ),
where β : R → [0, 1] is a non-decreasing function, and choose a smooth homotopy
{Js}s∈R from J
− to J+ such that
(Hs, Js) =
{
(H−, J−) if s≪ −1,
(H+, J+) if s≫ 1.
We set Hs,t = (Hs)t. Let α ∈ [S
1,M ] be a nontrivial free homotopy class and
a, b ∈ R ∪ {∞} such that a < b. It follows from the energy identity
E(u) = AH−(x¯
−)−AH+(x¯
+) +
∫ 1
0
∫ ∞
−∞
∂sH
(
s, t, u(s, t)
)
dsdt
that the Floer–Novikov chain map CFN(H−;α) → CFN(H+;α), defined in terms
of the solutions of the equation
∂su+ Js(u)
(
∂tu−XHs,t(u)
)
= 0,
induces a natural homomorphism
σH+H− : HFN
[a,b)(H−;α)→ HFN[a+C,b+C)(H+;α),
where C = C({Hs}s) is a constant given by
C = max
{∫ 1
0
max
M
(
H+t −H
−
t
)
dt, 0
}
.
3. Main result
In this section, we state a generalized version (Theorem 3.1) of Theorem 1.1 and
prove the theorems.
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3.1. Main theorem. Let (M,ω) be a closed symplectic manifold. We recall that
an isolated periodic orbit x of H is said to be homologically non-trivial if for some
lift x¯ of x, the local Floer homology HFloc(H, x¯) of H at x¯ is non-zero (see [GG10]
for details). Clearly, a non-degenerate fixed point is homologically non-trivial.
The following theorem is the generalized version of Theorem 1.1.
Theorem 3.1. Let H : S1 × M → R be a Hamiltonian having an isolated and
homologically non-trivial one-periodic orbit x with homotopy class α such that [α] 6=
0 in H1(M ;Z)/Tor, and P1(H ; [α]) is finite. Assume that ω is α-toroidally rational
and
〈[ω], π1(LαpM)〉 = p〈[ω], π1(LαM)〉
holds for every sufficiently large prime p. Then for every sufficiently large prime p,
the Hamiltonian H has a simple periodic orbit in the homotopy class αp and with
period either p or p′, where p′ is the first prime greater than p.
Example 3.2. (i) One of the most important examples of symplectic manifolds
meeting the requirements of Theorem 3.1 is the torus (T2n, ωstd) (see Lemma 3.3
for details).
(ii) It is clear that we can apply Theorem 3.1 for every closed symplectic manifold
N with an atoroidal symplectic form ωN since we have 〈[ωN ], π1(LαN)〉 = 0 for
all α ∈ [S1, N ]. Moreover, the product (M ×N,ω ⊕ ωN ) is also an example where
(M,ω) is a closed symplectic manifold satisfying the assumptions in Theorem 3.1
and ωN is atoroidal. Indeed, we have〈
[ω ⊕ ωN ], π1
(
L(α,αN )(M ×N)
)〉
= 〈[ω], π1(LαM)〉+ 〈[ωN ], π1(LαNN)〉
= 〈[ω], π1(LαM)〉.
3.2. Proof of Theorem 1.1. In this subsection, we prove Theorem 1.1 by assum-
ing that Theorem 3.1 holds. We call an element e ∈ Zm primitive if e 6= kf for any
positive integer k ∈ N and any f ∈ Zm \ {e}.
Now we consider the torus T2n = (R/Z)2n with the standard symplectic form
ωstd. Let α ∈ [S
1,T2n] ∼= Z2n be a non-trivial homotopy class. Then there exist a
positive integer hα ∈ N and a primitive vector eα ∈ Z
2n such that α = hαeα. For
α = 0, we set hα = 0 and eα = 0. Then the following lemma is crucial.
Lemma 3.3. We have〈
[ωstd], π1
(
LαT
2n
)〉
= hα
{
n∑
i=1
∣∣∣∣e2i−1 b2i−1e2i b2i
∣∣∣∣
∣∣∣∣∣ (b1, . . . , b2n) ∈ Z2n
}
= hαZ,
where eα = (e1, . . . , e2n) ∈ Z
2n.
In particular, we have〈
[ωstd], π1
(
LαkT
2n
)〉
= k
〈
[ωstd], π1
(
LαT
2n
)〉
for all α ∈ [S1,T2n] and k ∈ N.
Proof. Since the torus T2n is an H-space with a commutative multiplication µ, it
has the associative Pontryagin product p, i.e., the bilinear map
Hi(T
2n;Z)×Hj(T
2n;Z)
×
−→ Hi+j(T
2n × T2n;Z)
µ∗
−→ Hi+j(T
2n;Z),
where× is the cross product and µ∗ is the homomorphism induced by µ. It is known
that the Pontryagin ring (H∗(T
2n;Z), p) is the exterior algebra (
∧
Z
[x1, . . . , x2n],∧)
with |xi| = 1. Let h : [S
1,T2n] → H1(T
2n;Z) be a map given by the formula
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h(α) = x∗([S
1]) where x is a loop representing α and [S1] is the fundamental class
of S1.
On the other hand, now every element A in π1
(
LαT
2n
)
is represented by a map
S1 × S1 → T2n such that S1 × {∗} → T2n represents α. Let β ∈ [S1,T2n] be the
homotopy class of the map {∗}× S1 → T2n. Hence A is identified with an element
p(h(α), h(β)) in H2(T
2n;Z). Let us denote α = (a1, . . . , a2n) ∈ [S
1,T2n] ∼= Z2n.
Then we have〈
[ωstd], π1
(
LαT
2n
)〉
=
{
〈[ωstd], p(h(α), h(β))〉
∣∣ β ∈ [S1,T2n]}
=

〈
[ωstd],
 a1...
a2n
 ∧
 b1...
b2n
〉
∣∣∣∣∣∣∣ (b1, . . . , b2n) ∈ Z2n
 .
Here the exterior product is computed as a1...
a2n
 ∧
 b1...
b2n
 = (∣∣∣∣a1 b1a2 b2
∣∣∣∣ ,− ∣∣∣∣a1 b1a3 b3
∣∣∣∣ , ∣∣∣∣a1 b1a4 b4
∣∣∣∣ , · · · , ∣∣∣∣a2n−1 b2n−1a2n b2n
∣∣∣∣)
∈ Zn(2n−1) ∼= H2(T
2n;Z).
Hence if we denote a point in T2n by (p1, q1, . . . , pn, qn), then for each i = 1, . . . , n,
we have〈
[dpi ∧ dqi],
 a1...
a2n
 ∧
 b1...
b2n
〉 = ∣∣∣∣a2i−1 b2i−1a2i b2i
∣∣∣∣ ∫
T2
dpi ∧ dqi
=
∣∣∣∣a2i−1 b2i−1a2i b2i
∣∣∣∣ = hα ∣∣∣∣e2i−1 b2i−1e2i b2i
∣∣∣∣ .
Thus we conclude that
〈
[ωstd],
 a1...
a2n
 ∧
 b1...
b2n
〉
∣∣∣∣∣∣∣ (b1, . . . , b2n) ∈ Z2n

= hα
{
n∑
i=1
∣∣∣∣e2i−1 b2i−1e2i b2i
∣∣∣∣
∣∣∣∣∣ (b1, . . . , b2n) ∈ Z2n
}
.
Hence we have the desired equality. 
Proof of Theorem 1.1. We assume that Theorem 3.1 holds. Since [S1,T2n] and
H1(T
2n;Z)/Tor are both isomorphic to Z2n, the assumptions on the free homotopy
class α in both theorems are equivalent. Then Lemma 3.3 immediately shows that
Theorem 1.1. 
Remark 3.4. (i) The latter part of Lemma 3.3 holds for any connected closed
symplectic manifold having the Pontryagin product such that the Pontryagin ring is
the exterior algebra. However, it is known that every connected compact symplectic
Lie group (i.e., a Lie group with a left-invariant symplectic form) is a torus [Ch].
(ii) The proof of Lemma 3.3 shows that we can apply Theorem 3.1 for the torus
T
2n = (T2)n with a symplectic form
ωA =
n∑
j=1
Ajpr
∗
jωT2 ,
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where ωT2 is the standard symplectic form on the 2-torus T
2 = (R/Z)2, the map
prj : (T
2)n → T2 is the jth projection and A = (A1, . . . , An) is an n-tuple of real
numbers satisfying
rankZ〈A1, . . . , An〉Z = 1.
3.3. Proof of Theorem 3.1. The proof of Theorem 3.1 is inspired by the argu-
ment by B. Gu¨rel [Gu¨].
Proof. Since P1(H ; [α]) is finite, there exist finitely many distinct homotopy classes
αi ∈ [S
1,M ] representing [α] ∈ H1(M ;Z)/Tor such that every x ∈ P1(H ; [α]) is
contained in one of αi’s. As in [GG16], one can show that for every sufficiently
large prime p, the classes αpi are all distinct.
Fix a reference loop z ∈ α and choose the iterated loop zp as the reference loop
for αp. Denote by xi the elements of P1(H ;α). We note that every sufficiently
large prime p is admissible in the sense of [GG10] for all orbits xi (i.e., λ
p 6= 1 for
all eigenvalues λ 6= 1 of (dϕH)xi : TxiM → TxiM). Then under such iterations of
H , the orbit x remains isolated and
HFloc(H♮p, x¯p) ∼= HFloc(H, x¯),
where x¯ = [x,Π] ∈ LαM is some lift of x and x¯
p = [xp,Πp] ∈ LαpM . Now we have
HFloc(H♮p, x¯p) 6= 0 since HFloc(H, x¯) 6= 0.
Assume that H has no simple p-periodic orbit in αp. Since p is prime, all p-
periodic orbits in αp are the pth iterations of one-periodic orbits in α. Hence we
have
(2) P1(H
♮p;αp) = { yp | y ∈ P1(H ;α) } .
Now we claim that we have
(3) Spec(H♮p;αp) = pSpec(H ;α)
for every sufficiently large p. Indeed, it is clear that Spec(H♮p;αp) ⊃ pSpec(H ;α).
In order to show the opposite side, let us choose c ∈ Spec(H♮p;αp). By (2), then
there exist y¯ ∈ P1(H ;α) and A ∈ π1(LαpM) such that
c = AH♮p(y¯
p#A) = pAH(y¯)− 〈[ω], A〉.
Now we choose p so large that
〈[ω], π1(LαpM)〉 = p〈[ω], π1(LαM)〉
holds. Then there exists B ∈ π1(LαM) such that 〈[ω], A〉 = p〈[ω], B〉. Therefore
c = p
(
AH(y¯)− 〈[ω], B〉
)
∈ pSpec(H ;α).
It implies that Spec(H♮p;αp) ⊂ pSpec(H ;α).
By adding a constant to the Hamiltonian H , we can assume that the action of
the lift x¯ is AH(x¯) = 0. Hence for all p, we have
AH♮p(x¯
p) = pAH(x¯) = 0.
Since P1(H ; [α]) is finite and ω is α-toroidally rational, we can choose a > 0 so
small that
[−a, a) ∩ Spec(H ;α) = {0}.
By (3), we then have
[−pa, pa) ∩ Spec(H♮p;αp) = {0}.
Hence zero is the only critical value of AH♮p in [−pa, pa). Therefore,
HFN[−pa,pa)(H♮p;αp) = HFloc(H♮p, x¯p)⊕ · · · ,
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where the dots represent the contributions of the local Floer homology groups of
some lifts x¯i ∈ P1(H ;α) with zero action, of the other one-periodic orbits such that
xpi ∈ α
p. We set
C = max
{∫
S1
max
M
Ht dt, 0
}
+max
{
−
∫
S1
min
M
Ht dt, 0
}
.
Now we assume p so large that pa > 6C(p′ − p) since p′ − p = o(p) as p→∞ (see,
e.g., [BHP]). Choose K > 0 such that
pa− 4C(p′ − p) < K < pa− 2C(p′ − p).
Then we have
(4) − pa < −K < −K + 2C(p′ − p) < 0 < K < K + 2C(p′ − p) < pa,
and
−p′a < −K + C(p′ − p) < 0 < K + C(p′ − p) < p′a.
We set δ = C(p′ − p). Now we have the following commutative diagram:
HFN[−K,K)(H♮p;αp)
σ
H♮p
′
H♮p

∼=
++❲❲
❲
❲
❲
❲
❲
❲
❲
❲
❲
❲
❲
❲
❲
❲
❲
❲
❲
❲
❲
HFN[−K+δ,K+δ)(H♮p
′
;αp)
σ
H♮pH♮p
′
// HFN[−K+2δ,K+2δ)(H♮p;αp)
Here the map σH♮p′H♮p (resp. σH♮pH♮p′ ) is induced by a linear homotopy fromH
♮p to
H♮p
′
(resp. from H♮p
′
to H♮p), and the diagonal map is an isomorphism induced by
the natural quotient-inclusion map (see (4)). Combining with HFN[−K,K)(H♮p;αp) 6=
0, we conclude that
HFN[−K+δ,K+δ)(H♮p
′
;αp) 6= 0.
Thus H has a p′-periodic orbit y in the homotopy class αp, and hence in the
homology class p[α].
Now it is enough to show that y is simple. Arguing by contradiction, we assume
that y is not simple. Since p′ is prime, y is the p′th iteration of a one-periodic orbit
in the homology class p[α]/p′ ∈ H1(M ;Z)/Tor. Since p/p
′ is not an integer, this
contradicts the assumption that [α] 6= 0 ∈ H1(M ;Z)/Tor. 
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